Abstract We introduce the central Fubini-like numbers and polynomials using Rota approach. Several identities and properties are established as generating functions, recurrences, explicit formulas, parity, asymptotics and determinantal representation.
Riordan, in his book [18] , shows that, for all non-negative integers n and k (k ≤ n), the central factorial numbers of the second kind are the coefficients T (n, k) in the expansion
In combinatorics, the number of ways to partition a set of n elements into k nonempty subsets are counted by Stirling numbers S(n, k), and the central factorial numbers T (2n, 2n − 2k) count the number of ways to place k rooks on a 3D-triangle board of size (n − 1), see [13] . The coefficients S(n, k) and T (n, k) satisfy, respectively, the triangular recurrences S(n, k) = kS(n − 1, k) + S(n − 1, k − 1) (k ≤ n), and
where S(n, k) = T (n, k) = 0 for k > n, and S(0, 0) = T (0, 0) = 1. T (n, k) admits also the explicit expression
The usual difference operator ∆, the shift operator E a and the central difference operator δ are given respectively by ∆f (x) = f (x + 1) − f (x), E a f (x) = f (x + a), and δf (x) = f (x + 1/2) − f (x − 1/2).
Riordan, [18] , mentioned that the central factorial operator δ satisfy the following property
where f n (x) is a sequence of polynomials satisfies f 0 (x) = 1. The same operator δ can be expressed by the means of both ∆ and E a , see [9, 18] , as follows
For more details about difference operators, we refer the reader to [9] .
Central Fubini-like numbers and polynomials
In 1975, Tanny [20] introduced the Fubini polynomials (or ordered Bell polynomials) F n (x) by applying a linear transformation L defined as,
and define F n (x) by,
putting x = 1 in (6), we get
which is the nth Fubini number. Fubini polynomials F n (x) has the exponential generating function below, see [20] ,
Recently, several authors have studied Fubini numbers and polynomials and giving some applications for these polynomials as in [8, 10, 12, 11] .
For more details concerning Fubini numbers and polynomials, see [2, 6, 7, 15, 20, 23] and papers cited therein. Now we introduce the linear transformation Z as, Definition 1 For n ≥ 0, we define the transformation
then we have
And due to Formula (3), we are now able to introduce the main tool of the paper,
Definition 2
The nth central Fubini-like polynomial is given by,
Setting x = 1, we obtain the central Fubini-like numbers,
The first central polynomials C n are,
x + 24x 3 2 2x 2 + 24x 4 x + 240x 3 + 1920x 5 3 2x 2 + 120x 4 + 720x 6 x + 2184x 3 + 67200x 5 + 322560x 7 4 2x 2 + 504x 4 + 10080x 6 + 40320x 8 x + 19680x 3 + 1854720x 5 + 27095040x 7 + 92897280x 9 
Exponential generating function
We begin by establishing the exponential generating function of central Fubinilike polynomials,
Theorem 1
The polynomials C n (x) have the following exponential generating function
Proof We have
.
Corollary 1
The numbers C n have the following exponential generating function
Explicit representations
In this subsection we propose some explicit formulas for the central Fubini-like polynomials, we start by the derivative representation.
Proposition 1
The polynomials C n (x) correspond to the higher derivative expression bellow,
Thus from Theorem 1 we get the result.
Remark 1 From Formula (3), it is clear that the central Fubini-like polynomials satisfy the following explicit formula
Theorem 2 For non-negative n, The following explicit representation holds true,
The proof will depend on Lemma 1, Lemma 2 and Relation (5).
Lemma 1 For all polynomials p n (x) the following relation holds true
as any polynomial can be writing as sum of central factorials (x [n] ) we have our result.
Lemma 2 (Tanny [20] ) For all polynomials p n (x) we have
Now we give the proof of Theorem 2,
Proof Using previous lemmas and setting p n (x) = x n , we get
using binomial product identity n k k j = n − j k − j n j we get the result.
Corollary 2
The central Fubini-like numbers satisfy
Proof Setting x = 1 we have the result.
Now we give an explicit formula connecting the nth central Fubini-like polynomials with Stirling numbers of the second kind S(n, k),
Proof From Theorem 1, we have
, using the exponential form of 2x sinh (t/2) we get,
Then Cauchy's product implies the identity.
Corollary 3
The central Fubini-like numbers C n satisfy,
Umbral representation
In the following theorem we use the umbral notation C k ≡ C k , Theorem 4 Let n be a non-negative integer, for all real x we have
Proof From Theorem 2 and using the umbral notation, a simple calculation gives the umbral representation result.
Corollary 4 For non-negative integer n, we have
Proof It suffices to set x = 1 in Theorem 4.
Parity
A function f (x) is said to be even when f (x) = f (−x) for all x and it is said to be odd when
Theorem 5 For all non-negative n and real variable x we have
Proof It is known that the function sinh(t) is odd, this gives G(x; t) = G(−x; −t), then comparing the coefficients of t n /n! in G(x; t) and G(−x; −t) the theorem follows.
Corollary 5
The polynomials C n (x) are odd if and only if n is odd and even else.
Proof Using Theorem 5, it suffices to replace n by 2k+1 (and 2k) and establish the property.
Recurrences and derivatives of higher order
Now we are interested to derive some recurrences for C n (x) in terms of their derivatives.
First, we deal with a recurrence of second order, Theorem 6 For n ≥ 2, the polynomials C n (x) satisfy the following recurrence,
Proof We use the recurrence
this concludes the proof.
In the next Theorem we give a recurrence formula for the rth derivative of C n (x) Proposition 2 The r th derivative of G(x; t) is given by,
Proof Induction on r implies the equality.
Theorem 7 Let C (r)
n (x) be the rth derivative of C n (x). Then C (r)
n (x) is given by,
Proof Using Proposition 2, by applying Cauchy product and comparing the coefficients of t n /n!, we get the result.
Corollary 6
The following equality holds for any real x,
Proof Setting r = 1 in Proposition 2 gives the first derivative of G(x; t) as,
then applying the Cauchy product in the right hand side and comparing the coefficients of t n /n! we get the result.
Integral representation
Integral representation is a fundamental property in analytic combinatorics. The central Fubini-like polynomials can be represented by,
Theorem 8
The polynomials C n (x) satisfy,
Proof We will use here the known identity, see [3] ,
we have,
dθ.
Determinantal representation
A determinantal representation of a sequence (a n ) n≥0 is the expression of this one as a determinant of a given matrix M . Several papers have been published on determinantal representations of many sequences as Bernoulli numbers, Euler numbers, ordered Bell numbers (or Fubini numbers),... Komatsu and Ramírez in a recent paper gives the following Theorem, Theorem 9 (Komatsu & Ramírez [14] ) Let {α n } n≥0 be a sequence with α 0 = 1, and R(j) be a function independent of n. Then
if and only if
with α 0 .
By applying the previous Theorem we get,
Theorem 10
For n ≥ 1, we have
where
Proof From Theorem 2 we have,
Remark 2 The function R(j) = 0 if j is even.
Using the Remark 2, we can give a new binomial convolution for C n (x) polynomials,
Theorem 11
For n ≥ 0 we have,
Proof From Remark 2 and using Formula (21) with α n = C n (x)/n! and R(j) =
j we can establish the result.
Remark 3 Formula (23) is better than result of Theorem (2) from a computational point of view.
Asymptotic result with respect to C n
Find an asymptotic behaviour a sequence (a n ) n≥0 means to find a second function of n simple than a n which gives a good approximation to the values of a n when n is large. In this subsection, we are interested to obtain the asymptotic behaviour of the central Fubini-like numbers.
Let (a n ) n≥0 be a sequence of non-negative real numbers, the asymptotic behaviour a n is closely tied to the poles in G(z), where G(z) is the generating function of a n , G(z) = n≥0 a n z n .
Wilf, in his book [21] , gives a method to determine the asymptotic behaviour a n which can be summarized in the following steps, -Find the poles z 0 , z 1 , . . . , z s in G(z) . -Calculate the principal parts P (G(z), z i ) at each pole z i as bellow,
where Res(G(z), z i ) is the residue of G(z) at the pole z i . -Set H(z) = s i=0 P (G(z), z i ) then write H(z) as the expansion bellow,
-The sequence (b n ) n≥0 is the asymptotic behavior a n when n is big enough,
where R the smallest modulus of the poles.
Remark 4 Poles z 0 , z 1 , . . . , z s are considered as simple poles (has a multiplicity equal to 1).
Analytic methods of determining the asymptotic behavior of a sequence a n are widely discussed on [1, 16, 17, 21] .
Theorem 12 Asymptotic behaviour of the C n is given by
Re log −n−1 (φ) − (iπ + log(φ − 1)) −n−1 +O (n!(0.053) n ) , n −→ ∞ where φ is the Golden ratio.
Proof Applying the previous steps in the generating function G(t) = gives the result.
